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Network of domain walls on soliton stars
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We explore the idea of a network of domain walls appearing on the surface of a soliton star. We show that
for a suitable fine-tuning among the parameters of the model we can find localized fermion zero modes only on
the network of domain walls. In this scenario, the soliton star becomes unstable and decays into free particles
before the cold-matter upper mass limit is achieved. However, if fermions do not bind to the network of
domain walls, the network becomes neutral, imposing a new lower bound on the charge of the soliton star,
slightly raising its critical mass.
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I. INTRODUCTION

According to general relativity, if a star has a sufficien
small mass, it can reach final equilibrium as a white dwarf
neutron star. On the other hand, if the mass of the collap
portion of a star is greater than thecold matterupper mass
limit Mc , equilibrium can never be achieved and compl
gravitational collapse will occur. Usually, the final stage
such a collapse is the formation of a black hole. For norm
matter, the mass limitMc is approximately equal to five sola
massesM ( ~at zero angular momentum! @1,2#.

In the context of soliton stars, it is possible to have obje
with a larger mass without gravitational collapse. The sub
of soliton stars has been introduced in Ref.@3# ~see also
@4,5#!. They are new types of cold stable stellar configu
tions, and depending on the theory, one may haveMc
;1015M ( . Recently@6# soliton star models were used
order to explain current observational data, which favor
possible existence of a single supermassive object at the
ter of our galaxy, other than a supermassive black hole.

In this paper we investigate how the structure of a soli
star can be affected by the entrapment of another objec
its surface. The idea that we explore is similar to the cas
lower-dimensional domain walls living inside domain wa
@7–13#, which is inspired by the mechanism used to bu
superconducting cosmic strings@14#. The basic mechanism
consists in the formation of a scalar condensate due to
spontaneous symmetry breaking of a scalar field, invar
under U~1! gauge symmetry, confined to the cosmic strin
In the context of brane world scenarios renewed recentl
@15,16# ~see also@17,18# for earlier ideas related to thi
topic!, one assumes that the fields describing the fundam
tal particles, except the graviton~see Ref.@19# for trapping of
the graviton; see also Ref.@20# and references therein fo
investigations in supergravity!, are confined to a 3-brane~a
four-dimensional manifold describing our universe! embed-
ded in a higher-dimensional spacetime. The scalar fields
live in the 3-brane can also generate a scalar condensa
spontaneous symmetry breaking of some discrete symm
When a discrete symmetry is spontaneously broken, for
stance aZ2 symmetry, adomain wall can form inside the
0556-2821/2001/64~6!/065022~6!/$20.00 64 0650
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3-brane@21#. For otherZN symmetries, withN.2 we have
the possibility of having intersection of domain walls form
ing junctions, and then a network of domain walls.

In order to investigate the entrapment of a network
domain walls by a soliton star, we consider the possibility
a spherical@22,23# two-dimensional wall to entrap wall seg
ments that form a network. This possibility may give rise
a network of domain walls@24,25# to live at the surface of a
standard soliton star@3#. We examine this idea starting wit
an appropriate model, described by three real scalar fie
introduced according to the lines of Ref.@25#. The model
comprises several parameters, and below we show that
pending on the type of fine-tuning used to adjust these
rameters, we can produce either heavier soliton stars or
stability that will ultimately induce their complete decay.

Our work is organized as follows. In Sec. II, we prese
the model and we investigate the entrapment of the netw
of domain walls. In Sec. III, we study in detail the presen
of localized zero modes on the network and its con
quences. Comments and conclusions are given in Sec
which closes our work. Our notation is standard, and we
dimensional units such that\5c51, and metric tensor with
signature (1222).

II. THE MODEL

In Ref. @25#, we have investigated the possibility of
domain wall to entrap a network of domain walls. This i
vestigation was inspired in Ref.@24#, which dealt with the
idea of building a planar network of domain walls. Th
model investigated therein engenders theZ3 symmetry,
which is the simplest symmetry that enables the presenc
junctions of domain walls. The presence of triple junctions
supersymmetric models engendering theZ3 symmetry was
investigated in Refs.@26–29#, with several distinct motiva-
tions. For instance, the basic idea of Ref.@26# was to present
the Bogomol’nyi equation for the triple junction, showin
that the planar junction of domain walls only preserves
supersymmetry of the model, which is in contrast with t
case of a single domain wall, which is known to preserve
supersymmetry of the corresponding model.
©2001 The American Physical Society22-1
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The presence of planar triple junctions may allow the
ing of the plane with a regular hexagonal network, and t
issue was further examined in Ref.@28#, and also in@24,29#.
See Refs.@30–34# for several other issues related to th
subject. As one knows, the most efficient way to tile t
plane with regular polygons is obtained by the regular h
agonal network, and this makes theZ3 symmetry preferable
among many other possibilities. Very interestingly, theZ3
symmetry also appears as the center of the SU~3! group,
which governs the symmetry of QCD, the field theory th
describes strong interactions; see, e.g., Ref.@35# and refer-
ences therein for recent investigations on this subject. In
est in walls and in wall junctions widens when one reca
that the low-energy world volume dynamics of branes
string/M theory may be described by standard models
field theory@36–40#. Furthermore, this interest goes beyo
the context of high-energy physics: For instance, it also
pears in ferroelectric materials where walls and wall jun
tions spring as stable structures in many different ferroe
tric crystals@41#.

The underlying symmetry of the standard model of
ementary particles contains the SU(2)3SU(3) group, and
this is the basic inspiration to consider a model that eng
ders theZ23Z3 symmetry, that is, the discrete counterpart
SU(2)3SU(3). Forthis reason, we follow the lines of Re
@25# to introduce the model

L5
1

2
]ms]ms1

1

2
]mf]mf1

1

2
]mx]mx2V~s,f,x!

1 i c̄gm]mc1mc̄c2 f sc̄c1l~f1x!c̄c. ~1!

This model contains three real scalar fields that cou
among themselves via the potentialV(s,f,x), which is in-
troduced below. Also, there is a massive Dirac fermionc
that couples to the scalar fields via the Yukawa couplin
f sc̄c andl(f1x)c̄c; see Ref.@42# for information on the
behavior of fermions in the background of topological d
fects generated by real scalar fields.

The potential is chosen to provide the standard spher
soliton star@3# with a network of domain walls on its sur
face. The sigma field has to give rise to the host domain w
which should entrap the other two fields, which have to
gender theZ3 symmetry. The model should be able to d
scribe a spherical soliton star via the scalar fields, by break-
ing its Z2 symmetry under the shifts→s2(1/2)s0, to
entrap the other two fields (f,x) with a Z3 symmetry on its
surface. We get to this model by considering the potentia

V5
1

2
m2s2~s2s0!21l2~f21x2!22l2f~f223x2!

1FlmS s2
1

2
s0D 2

2
9

4
l2G~f21x2!. ~2!

Here s50 and s5s0 are the true and false vacua corr
sponding to the standard soliton star.

The scenario for a soliton star to entrap a network
domain walls should constrain the symmetries of the pot
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tial. According to the Euler theorem, to tile the sphere w
regular polygons of the same type we need~a! 4, ~b! 8, or ~c!
20 triangles,~d! 6 squares, or~e! 12 pentagons. These tiling
show the cases where the polygon edges end in th
junctions ~a,d,e!, four-junctions~b!, and five-junctions~c!.
These configurations are topologically equivalent to the fi
Platonic solids, namely the tetrahedron$3,3%, octahedron
$3,4%, icosahedron$3,5%, cube $4,3%, and dodecahedron
$5,3%; see Refs.@43,44# ~here the notation$M ,N% stands for
regularM-gons andN junctions!. In this sense, we can use
potential withZN symmetry between the fieldsf andx ~that
must inhabit the interior of the domain wall formed by th
other fields) to describe locallyN junctions on the surface
of a sphere@25# ~the soliton star surface!. We have three
possibilities of choosingN (N53,4,5), and we chooseN
53, that is, theZ3 symmetry. While this is the minima
possibility for the appearance of junctions, it is also the c
ter of the SU~3! group, that is, the group of the strong inte
actions. Another possibility with the symmetry breakingZ3
→Z2 was considered in@25# in order to describe a tiling with
12 pentagons and 20 hexagons, which resembles
fullerene structure of 60 carbon atoms. The main mechan
for a domain wall to entrap a network of domain walls w
explored in Ref.@25#. The key point here is that, as we sha
see, on the surface of the soliton stars.(1/2)s0, and at this
place, the remaining fields (f,x) develop nonzero vacuum
expectation value~VEV! ~condensate! with three different
phases that contribute to form domain-wall three-junctio
and then a network. We summarize this phenomenon as
lows.

We use the equations of motion to see that in the false
true vacuas5s0 and s50, respectively, the fields (f,x)
turn out to be zero. For the scalar fieldsf, x50 and the
fermion fieldc50, the theory~1! and~2! allows the fields
to form a soliton solution. We note that such a solution c
be found by using the following first-order differential equ
tion:

ds

dR
5ms~s2s0!5Ws , ~3!

whereW5m(s3/32s2s0/2) can be seen as a superpotent
that defines the potentialV(s,0,0)5(1/2)Ws

2 @29#. Equation
~3! can be integrated to give the solution

s5
s0

2 F12tanh
ms0~R2R0!

2 G . ~4!

This solution shows that at the surface (R.R0), thes field
goes to (1/2)s0. It represents approximately@45# a spherical
wall ~the soliton star surface! with surface tension@29#

th.uW~s0!2W~0!u5
1

6
ms0

3 . ~5!

In the regime ofs.(1/2)s0, the remaining scalar fields
(f,x) engenderZ3 symmetry, and describe three-junction
of domain walls which allow the formation of a networ
2-2



he

at
v

r o

i-
-
e
na
a

rg
g
n
n

on

f
o
n
o
d

to

ng
lse
e

on

he

g-

is

r

s
an
oli-

the

ld-
-

is

he

NETWORK OF DOMAIN WALLS ON SOLITON STARS PHYSICAL REVIEW D64 065022
@24#. In the thin wall approximation, each segment of t
network can be represented by a domain wall~kink! solution
of the explicit form

f52
3

4
,

~6!

x5
3

4
A3tanhA27

8
l~z2z0!.

The other segments are obtained by rotating the (f,x) plane
by 120° and 240°, respectively. Below, we shall investig
how the domain-wall segments in the network may ha
normalizable fermionic zero modes. The issue of whethe
not we have normalizable zero modes on the junction~in
@46#, the non-normalizable zero mode on Bogomol’ny
Prasad-Sommerfield~BPS! junctions, was found in the su
persymmetric context! does not affect our discussion sinc
the junction here is itself an approximately zero-dimensio
object, and then with a negligible Fermi gas if fermions m
bind to it.

Neutral network on fermion soliton stars

The spherical wall described by thes field is a nontopo-
logical soliton. Thus it requires a conserved Noether cha
of bosonic and/or fermionic origin to stabilize it. Accordin
to the model used in this paper, we are choosing fermio
charges to stabilize the soliton star. The soliton star is the
fermionic soliton star.

In this case, in the false vacuums0 the mass of the fer-
mion field goes effectively to zero if we assume

m2 f s050. ~7!

The soliton star becomes stable due to a three-dimensi
Fermi gas pressure~see, e.g., Refs.@47,48# for a similar dis-
cussion in the context of Fermi balls!. This is the scenario o
the standard nontopological structure called the fermion s
ton star@4# ~similar studies for scalar soliton stars were co
sidered in@5#!, and now we have to consider the effects
the other two fieldsf andx that we have already introduce
in the model.

Regardless of the type of network that inhabits the soli
star, in general the total energy of the system isE5En1Es
1Ek , which will be given below. Since we are assumi
that the fermions are in the interior of a spherical fa
vacuum of radiusR in ~3,1! space-time dimensions, then th
kinetic energy of the confined fermions is

Ek5
Q

R
, Q5

1

2 S 3

2D 5/2

p1/3N4/3, ~8!

whereN is the fermion number. The surface of the solit
star contains the surface energy

Es5aR2, a54pth , ~9!

whereth is the surface tension of the soliton star. Finally, t
energy of the nested network is
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En5bR, b5njtn , ~10!

wheren and jR5d are the number and length of the se
ments in the network,tn5(27/8)A3/2l is the tension of each
segment@24,25#, andj is a real constant. The total energy
therefore

E5aR21bR1
Q

R
. ~11!

We minimize this energy~11! by using ]E/]R50, which
allows us to obtain the critical radius

R05
1

6a FA1/31
b2

A1/3
2bG , ~12!

where

A554Qa22b316A3AQ~27Qa22b3!a. ~13!

We notice that in this scenarioQ turns out to have a lowe
bound, in order for a critical radius to exist. It is given by

Q>S b

3 D 3 1

a2
, ~14!

which is nonvanishing forbÞ0. In the limit of largeN, the
total energy of the configuration is

E;aR0
25aS Q

2a D 2/3

;N8/9. ~15!

We note that the exponent ofN is less than unity. This mean
that for largeN, the energy of the soliton is always less th
the energy of the free particles, thus the stability of the s
ton star is ensured. This is the same limit obtained in@3,4#.
We conclude that a neutral network does not contribute in
large-N limit.

Let us now consider the network contribution to the co
matter upper mass limitMc in this scenario. We may esti
mate such a limit by simply equating the radius~12! to the
Schwarzschild radiusRs52GM. First of all, we note that the
minimum of the energy~11! at the critical radius~12! is the
soliton massM53aR0

212bR0, where we have written the
chargeQ in terms ofR0, that is,Q5(2R0a1b)R0

2. Now we
setR0;Rs , which leads to

Mc;
1

12a S 114bG

G2 D
;~48pthG2!211@12p~ th /tn!G#21~nj!, ~16!

wheren,j are numbers inherent to the type of network one
considering. They contribute to higherexcitationsdue to the
network at the surface of the soliton star. Notice that forn
50 ~no network!, Mc reduces to the first term~‘‘the funda-
mental state’’!, which is the same result found in Ref.@3#.
Since fornÞ0 the last term is positive, we conclude that t
network raises the standard value ofMc and then yields
2-3
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FRANCISCO A. BRITO AND DIONISIO BAZEIA PHYSICAL REVIEW D64 065022
heavier soliton stars. For a typical energy scale of the or
of GeV andl5m51, we find the values for the tension
th5(1/6)(30 GeV)3 and tn56A3/2(3/4)2(GeV)2 ~here we
have chosens0530 GeV). Now using the fact thatAG
5 l p.10233 cm ~the Planck length! and M (;1033 g, we
find

Mc;~30 GeV!23l p
241~30 GeV!21l p

22~nj!

;~1015110223!M ( ~17!

Here we have dropped the factornj in the last step, since i
can change the mass of the soliton star by at most two or
of magnitude. This is because max(n)530 ~i.e., the dodeca-
hedron$5,3% case! and max(j)52p ~i.e., the largest arc on
the sphere!. This result allows us to conclude that in th
model the network raises slightly the mass of the stand
soliton star. The radius size of this object fors0530 GeV is
R0;102 light years.

III. FERMION ZERO MODES ON THE NETWORK

In this section, we discuss how to adjust the parameter
our model in a way such that the fermions prefer to migr
from the false vacuum to the network. It is perfectly possi
that the effective fermion mass inside the network, which
turn, is at the surface of the soliton star, goes to zero if
assume the fine-tuning

m2 f ss2lvs50, ~18!

wheress5(1/2)s0 is the value of thes field at the surface
of the soliton star, andvs53/4 is the norm of the vector field
(f,x) inside the network.

The way we couple fermions to the fields (f,x) in the
model ~1! and ~2! is standard, although it does not preser
the Z3 symmetry that governs the (f,x) portion of the
model, which allows the formation of a regular network
domain walls as shown in Ref.@24#. With the alternative
couplinglx(x223f2)c̄c, theZ3 symmetry should be pre
served, but in this case non-normalizable zero modes suc
c(z)5exp(6Csech2 z)e6 , with m5(1/2)f s0 (C is a real
constant! would be present. Similar conclusions were fou
in @46#. There, it was found that an object preserving theZ3
symmetry ~BPS junctions, in global supersymmetry! gets
non-normalizable zero modes as well.

The effective fermion mass given in terms of the bac
ground solution~6! confined to the surface of the soliton st
can be written as

MF~z!5m2
1

2
f s02S 3

4DlF12A3tanhA27

8
l~z2z0!G .

~19!

In the above equation, we see thatMF(z0) recovers the left-
hand side of Eq.~18!, allowing us to conclude that the effec
tive fermion massMF(z) goes to zero inside the network
This means that the fermions prefer to live inside the n
work (z.z0) rather than in the false vacuums5s0. The
fermionic zero mode inside the network is described by
06502
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c~z!5eixnpnexpS 6E
0

z

MF~x!dxD e6

5eixnpne6(m2 f ss2lvs)z

3FcoshA27

8
l~z2z0!G61/A2

e6 . ~20!

Here we have usedgnpnc50 andgze56 i e6 to solve the
Dirac equation for the zero mode. (n50,1 is the tangent
frame. Also,z is the coordinate transverse to each dom
wall at the surface of the soliton star ande6 is a constant
2-spinor.! From Eq.~18!, we see that the second exponent
factor in Eq.~20! does not contribute to the zero mode. F
nally, we find that the only normalizable zero mode is

c~z!5eixnpnFcoshA27

8
l~z2z0!G21/A2

e6 . ~21!

This shows that there are localized chiral fermion ze
modes @12,42,48,49# in each domain-wall segment of th
network. In other words, there are localized massless fer
ons only on the network.

Charged network on neutral soliton stars

Now we are ready to present another scenario. Let
suppose that all the fermions feel an attractive strong force
that they are forced somehow to migrate from the fa
vacuum to the nested network on the surface of the sol
star. This is exactly what is experienced by the fermion z
modes that we have just treated. In this case, we sho
replace the former tridimensional Fermi gas by anot
Fermi gas, approximately one-dimensional, which spre
along the network conserving the fermion numberN. Thus,
all we have to do in the investigation done in Sec. II A is
replace Eq.~11! by

E5aR21bR1
g

R
, g5

pN2

4j
, ~22!

where we have used the expression for one-dimensio
Fermi gas@12#,

E5
pN2

4L
, ~23!

whereL5d5jR is the length of the segments in the ne
work. In the large-N limit, we can also use Eq.~15! to obtain

E;aR0
25aS g

2a D 2/3

;N4/3, ~24!

where we have setQ→g. Now, since the exponent ofN is
greater than unity, the energy of the soliton for largeN is
always larger than the energy of the free particles, thus
stability of the soliton star is no longer ensured.
2-4
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IV. CONCLUSIONS

In this paper, we have presented a model that can desc
two totally different scenarios, described in Sec. II A and
Sec. III A. In the first scenario, although the neutral netwo
slightly increases the cold-matter upper mass limit of
standard soliton star, it imposes a new lower bound on
charge of the fermionic soliton star. In the second scena
the entrapment of the Fermi gas inside the network chan
significantly the behavior of the nontopological soliton, d
stabilizing the soliton star. In the equilibrium stage of t
fermion migration, the false vacuum becomes neutral and
network becomes charged with massless fermions. This
sult led us to the conclusion that in the scenario of Sec. III
the formation of a charged network at the surface of
soliton star can destabilize it. This is because the locali
fermion zero modes on the network make it energetica
favorable for the soliton star to decay into free particl
They can decay fast before the cold-matter upper mass
Mc is achieved. These two scenarios can be thought o
two possible different experiences that a soliton star can
fer in the cosmological evolution. Suppose that the soli
star and the network appear at distinct critical temperatu
Ts and Tn , respectively~see Ref.@10# for a study about
critical temperature and defects formation!. Thus forTs suf-
ficiently larger thanTn , the soliton star can start its forma
tion process by collapsing, approaching the Schwarzsc
radius before the strong force due to the fermionic zero m
of the network acts. If the network appears later, it will
‘‘frozen’’ together with the other constituents of the solito
star due to a strong gravitational force, leading to the s
nario of Sec. II A. On the other hand, ifTs;Tn , one may
induce the scenario described in Sec. III A. In this scena
,

s

y

B
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if we consider that the soliton star may form cosmic objec
we see that the more the soliton star has the experienc
Sec. III A, the less these cosmic objects are formed in
universe.

The new objects that spring in the present work may be
particular interest to astrophysical and cosmological appl
tions, as for instance in the recent investigations introdu
in Refs. @6,25,44#. Furthermore, these objects provide alte
native routes to the Fermi balls examined in Refs.@47,48#,
and as such they may furnish distinct view of the scena
discussed therein. Another line of investigation may follo
Ref. @50#, in which the behavior of surface current-carryin
domain walls was examined, the current being of boso
origin, which appears in a model engendering the U(
3Z2→U(1) symmetry, withU(1) global. The model of
Ref. @50# is inspired by the case of cosmic strings introduc
in Ref. @14#. Our model provides another possibility, whe
fermionic current may flow on the surface of a wall th
hosts a network of domain walls, so that we could ask h
the presence of the nested network would contribute
change the fermionic behavior in the wall. Some of the
issues are presently under consideration, and we hope t
port on them in the near future.
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